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Abstract. Suppose we are given complex manifolds X and Y together with 
substacks S and 5' of modules over algebras of formal deformation A on X and 
A 1 on Y, respectively. Suppose also we are given a functor <E> of the category of 
open subsets of X to the category of open subsets of Y together with a functor 
F of prestacks from S to S 1 o<3>. Then we give conditions for the existence of a 
canonical functor, extension of F to the category of coherent „4-modules such 
that the cohomology associated to the action of the formal parameter li takes 
values in S. We give an explicit construction and prove that when the initial 
functor F is exact on each open subset, so is its extension. Our construction 
permits to extend the functors of inverse image, Fourier transform, special- 
ization and microlocalization, nearby and vanishing cycles in the framework 
of X>[[/l]]-modules. We also obtain a Cauchy-Kowalewskaia-Kashiwara theo- 
rem in the non-characteristic case as well as comparison theorems for regular 
holonomic X>[[/l]]-modules and a coherency criterion for proper direct images 
of good X>[[fi]]-modules. 
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Introduction. 

On a complex manifold X we consider the sheaf T>x of differential operators 
and the sheaf (noted T> x for short) of formal differential operators on a 

parameter h. For the main results on modules over T>x we refer to [5] and for those 
on modules over V x we refer to [8] and to [2]. The notion of algebras of formal 
deformation and the main results we need here were obtained in [8]. 

Our first motivation was to understand the behavior of a coherent 2?^--module 
near a submanifold Y. The natural tool is to define conveniently a functor of 
inverse image generalizing the £>-module case. Alternatively, one can also look for 
a generalization of the functor of specialization. Recall that inverse image on the 
category of 2?-modules is not exact, unless we assume in addition that the objects 
are non-characteristic. On the other hand, specialization is an exact functor on the 
Serre subcategory of specializable £>-modules. 

To treat inverse image turned out to be not too hard because one finds a natural 
candidate to play the role of transfer module as we shall see later. On the other 
hand, V x is not provided with a natural equivalent to Kashiwara-Malgrange In- 
filtration and specialization is far from being a mere copy of the 2?-module case so 
that the study of its properties takes an important place in this work. 

For a given sheaf A of coherent rings one denotes by Mod co h(A) the abelian 
category of coherent left „4-modules. Let K be a unital commutative Noetherian 
ring with finite global dimension. 

The general problem then became the following: 

Given two complex manifolds X and Y , together with two K-algebras of formal 
deformation A on X, and A' on Y, given a right exact (respectively exact) functor 
F on a given full Serre subcategory S of Mod co h (A) to a given full subcategory S' of 
Mod(„4'), find the natural subcategory containing S to which F extends canonically 
as a right exact (respectively exact) functor, let us say, F h . 

For each n G No and for each left .A-module, consider the quotient M. n = 
M/h n+1 M and, for n < fc, denote by pk, n the projection M n — > Mk- If one 
assumes that, for each n, A4 n G S, then the natural candidate F h (M) will be the 
projective limit 

(1) ^nF(M n ) 

n 

of the associated projective system (F(M n ), F(pk, n ))n- This construction will be 
the heart of our study. 

To be rigorous, we will resort to the framework of stacks and the reason is 
that we will be interested in Serre subcategories whose objects are defined by local 
properties. Recall that stacks provide the framework where the notion of sheaves 
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of categories takes a sense. However, throughout this work, we only deal with the 
easiest example of stacks consisting precisely of sheaves of categories, since they are 
substacks of modules over a sheaf of (K)-algebras and the restriction morphisms are 
nothing more than the usual restriction of sheaves to open subsets. In particular 
all these stacks are K[[ft]]-linear, where h denotes the central formal parameter in 
each of the algebras. 

Recall that one denotes by Op(X) the category of open subsets of X where 
the morphisms are defined by the inclusions. Let ^od(A) denote the stack U i->- 
Mod(A\u), U E Op(X). Given an abelian substack C of Jtfod{A), a full substack 
C of C is said to be a full Serre substack if, for each U E Op(X), C'(U) is a full 
Scrre subcategory of C(U). 

Accordingly, in the sequel, S will denote a full Serre substack of the stack 
^od co h{A) : U H> Mod co h(A\u)- For the sake of simplicity, and whenever there is 
no ambiguity, we shall often say that a coherent ,4|;y-module defined on U E Op(X) 
belongs to <S if it belongs to S(U). 

Let us now outline the main result of this work: 

Assume that we are given a full Serre substack S of ^(od co h {A) and a full Serre 
substack S' of an abelian substack of ^od(A'). Consider the category Mods(„4) 
of Mod co h (.4) characterized by the property that, for each n, the kernel and the 
cokernel of the action of h n+1 belong to S(X). Assume we are given a functor 
$ from Op(X) to Op{Y) such that $(X) — Y and that <& transforms any open 
covering of any il E Op(X) on an open covering of $(f2). Denote by <fr*<S' the 
prestack U Q*S' = S'($(U)) and assume that we are given a K[ [ft]] -linear 
functor of prestacks F : S — > §>*S'. This means, in particular, that for each pair 
V, U £ Op(X) with V C U we have the following commutative diagram of functors 
of categories whose vertical arrows are the restriction functors: 



Here we prove the following (Theorem 13.241 below): If, for each U E Op(X), 
F(U) : S(U) — > S'($(U)) is right exact (respectively exact), then, under a condition 
on the vanishing of the cohomology for S'(V), with V running on the objects of 
Op(Y) (Condition ll.20p . automatically fulfilled by coherent modules, by (HJ we 
obtain a canonical functor F h : Mods (.4) — > Mod (.A'). Moreover F h is right exact 
(respectively exact). 

Namely, when S' is a substack of coherent _4'-modules, then F h takes values in 
Mods>(A'). Moreover, if each F(U) is exact, this extension is, in a certain sense, 
unique up to isomorphism. 

The term "canonical" means that our construction is indeed functorial in S, S' , $ 
and F (cf. Remark [3J25|) . 

After the preliminary results in Sections 1 and 2, in Section 3 we prove Theorem 
13.241 using the following key facts: 



S{U) 
I 

S(V) 



F{U) 



s'mu)) 

i 

s'mv)). 



F(V) 
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• a right exact functor combined with the action of H n+1 transforms, for each 
n, exact sequences of .A-modules into right exact sequences of .A^-modules; 

• the exactness of T(K, ■) for if belonging to adequate basis of the topologies 
on the manifolds, for the categories we consider; 

• the exactness of projective limit on the category of projective systems sat- 
isfying Mittag-Lefier's condition. 

In Section 4 we use Theorem 13.241 to treat the case of A = T>\ (respectively 
A' = T>y)- The situation is then simpler because the modules V x /h n+1 V x are 
free over Ao ~ T>x , so technically we are bound to extend a right exact functor F 
defined on a Serre substack S of coherent T>x -modules. 

In this way we obtain a natural setting for the extensions of the functors of 
inverse image, direct image by a closed embedding, specialization, nearby and van- 
ishing cycles, Fourier transform and microlocalization for 2?^-modules, which are 
performed in Section U Namely, in the case of the extended inverse image func- 
tor for a morphism /, when we restrict to the Serre substack of non-characteristic 
modules, we prove a formal version of the Cauchy-Kowalewskaia-Kashiwara the- 
orem (Theorem 14. 8j) . We also generalize the functor extraordinary inverse image 
using the concept of duality introduced in [2] and we prove in Proposition \AJ\ and 
in Corollary 14.91 that the property of holonomicity (as well as that of regular holo- 
nomicity) is stable under inverse image (respectively extraordinary inverse image). 

Moreover, for the extension of the specialization, microlocalization, vanishing 
and nearby cycles functors, when we restrict to the category of regular holonomic 
2?^--modules in the sense of [2], we obtain comparison theorems which are the 
formal version of the results proved by Kashiwara in [4 (Theorems 14.361 and 14.431 
and Corollaries 14.371 and I4.44|) . 

Remaining natural questions are the (left) derivability of F h as well as the ex- 
tension of left exact functors. 

For the first, a difficulty in constructing an F n -projective subcategory comes 
certainly from the behavior of the (left exact) functor lim for which we don't have 
in general enough injectives. This functor also lacks good properties with respect to 
the usual operations in sheaf theory. Therefore, even if there exists an i^-projective 
subcategory V, to our knowledge there is no canonical way of constructing an F - 
projective subcategory. 

In what concerns direct images, which are defined as the composition of derived 
functors, one being left exact, the other being right exact, our method no longer 
applies except in particular cases, such as closed embeddings. But there is another 
way, since we show that in the case of inverse image the extended functor can 
be given using a convenient transfer module as in 2?-module theory. Once having 
available a good notion of transfer module, we can also obtain a natural extension 
of the functor of direct image. In this setting, we prove a formal version of the 
theorem of coherency of proper direct image for good X> fi -modules (Theorem l4.18|) . 

So, as a by product of our general construction together with the results of [2], 
the so called Grothenalieck' s six operations are generalized to the formal case. 
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Convention 1. The results in the first three sections, with few exceptions, hold 
in the more general context of Hausdorf locally compact topological spaces. For 
simplicity, in view of our motivations, we stay in the complex analytic setting. 

1. Review on modules over formal deformations. 

In this section we recall the basic material we need from [8] . 
Let X be a complex manifold of finite dimension dx- 

Let K be a unital commutative Noetherian ring with finite global dimension. 
Recall that, for brevity, one denotes C[[h]} by C h . 

Given a sheaf 1Z of K-algebras on X, we denote by Mod(7£) the category of left 
^-modules, by D(K) the derived category of Mod(7e) and by D*{TZ) (* = +, -, b) 
the full triangulated subcategory of D(1Z) consisting of objects with bounded from 
below (resp. bounded from above, resp. bounded) cohomology. 

Recall that a full subcategory S of an abelian category C is thick if for any exact 
sequence 

Y^Y'^X^Z^Z' 

in C with Y, Y', Z, Z' in S, X belongs to S. 

Equivalently, S is a full abelian subcategory such that, given a short exact se- 
quence -> X' — > X — > X" — > in C, when two of the objects X',X or X" are 
in S then the third also belongs to S. If, moreover, S contains all subobjects and 
quotient objects of its objects, then S is called a Serre subcategory. 

Let S be a full thick subcategory of C and let D b (C) be the bounded derived 
category of C. One denotes by D h s {C) the full triangulated subcategory of D b (C) 
consisting of objects with cohomology in S. In the cases listed below we recall 
classical abbreviations. 

Example 1.1. 

• The subcategory Mod co / l (72.) of coherent modules over a coherent ring 71 is 
thick, and the associated category is denoted by D b oh (lZ). 

• The subcategory ModR-^lKx) of R-constructible sheaves of K- modules is 
a thick subcategory of Mod(IKx) and the associated category is denoted by 

For a complex manifold X, the following are Serre subcategories of Mod co h('Dx)' 

• The subcategory Mod goo d(7Jx) of good Djf-modules and the associated 
category is denoted by D b good (V x ). 

• The subcategory Mod^ Q ; (T>x ) of holonomic 2?x-modules and the subcat- 
egory Mod r h(Vx) of regular holonomic 2?v-niodules and the associated 
categories are respectively denoted by D b hol {T>x) and D b h (T>x)- 

• The subcategory NG(f) of non-characteristic 2?x-modules with respect to 
a given holomorphic function / : Y — y X, where Y is another complex 
manifold and the associated category is denoted by D b NC(f JVx)- 
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• The subcategory Mod sp (T>x) of £>x-modules specializable along a given 
submanifold Y and the associated category is denoted D b sp (T>x)- 

Given a sheaf M of %x [ft] -modules, set M n = M/h n+l M and for n > k let 
Pk.n ■ M-n —> -Mi? denote the canonical epimorphisms. One says that Ai is S-torsion 
free if H : Ai — > Ai is injective and one says that Ai is ft-complete if the canonical 
morphism Ai — > \^m A4 n is an isomorphism. 

n>0 

A family B of compact subsets of X is said to be a basis of compact subsets of 
X if for any x £ X and any open neighborhood U of x, there exists K £ B such 
that x £ Int(K) C U. 

In the following we shall consider a K-algebra A on X and a section H of A 
contained in the center of A. Set Ao — A/ HA. 

Consider the following conditions: 

(i) A is fi-torsion free and is /i-complete, 

(ii) .4,0 is a left Noetherian ring, 

(iii) there exists a basis B of open subsets of X such that for any U £ B and any 
coherent (Ao \ [/)-module T we have H n (U\F) = for any n > 0, 

(iv) there exists a basis B of compact subsets of X and a prestack U M> Mod 900( j (y4o | u ) 
([/ open in X) such that 

(a) for any K £ B and an open subset U such that K C U, there exists 
iT G B such that if C Int(K') CK' CU, 

(b) {/ i~> Mod gooc ;(^lo|t/) is a full subprestack of U ^ M.o& co h(Aa\u) , 

(c) for an open subset U and M £ Mod co h (Ao \ u) > if M. \ v belongs to Modg 00£ j (_4o 
for any relatively compact open subset V of Z7, then M. belongs to Mod goo( ;(v4o 

(d) for any U open in X, Mod goo£ ;(^4o[c/) is stable by subobjects (and hence, 
by quotients) in Mod co h(Ao\u) , 

(e) for any K £ B, any open set U containing K, any M £ Mod soo d(^4o|c/) 
and any j > 0, one has W(K; M) = 0, 

(f) for any M. £ Mod co h (Ao \ u), there exists an open covering U = \J i Ui such 
that M\ui £ Modgood(Ao\u i ), 

(g) Ao £ M.od good (Ao). 

We shall say that A is an algebra of formal deformation if A and Ao satisfy 
either Assumption 1 1 . 2 1 or Assumption 11.31 below: 

Assumption 1.2. A and Ao satisfy conditions (i), (ii) and (iii) above. 

Assumption 1.3. A and Ao satisfy conditions (i), (ii) and (iv) above. 

In particular, with Assumption 1 1 . 2 1 or Assumption ll.3[ A and A n are left Noe- 
therian rings, for every n > (see Lemma 1.2.3 and Theorems 1.2.5 and 1.3.6 
of®)- 

One defines a right exact functor assigning the object M/H n+ M £ Mod(.4 n ) 
to Ai £ Mod(^4). Its left derived functor is given by: 

grl:D b (A) -> D\A n ) 1 

L 

M h4 M®aA u . 
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Recall that the functor gr\ was defined and studied in [8] and noted by grn- 
For Ai <E Mod(.A) one sets: 

n M = kcr(X ^ M). 

Recall that a coherent .4-module is a locally finitely generated „4-module Ai such 
that, for any open subset U C X and for each locally finitely generated sub-module 
Ai' of Ai\u, locally Ai' admits a finite free presentation. 

If Ai is a coherent ,4-module then n Ai and Ai n are coherent „4„-modules. 

Recall that, for each n > 0, the category Mod(^4„) and the full subcategory of 
Mod(^4.) whose objects are those Ai such that h n+1 A4 ~ are equivalent. Moreover: 

Lemma 1.4 ( 8], Lemma 1.2.3). Let n > 0. An A n -module Ai is coherent as an 
An-module if and only if it is so as an A-module. 

Suppose that the property (iv) in Assumption 11.31 holds . Denote by D b ood (Ao) 
the full triangulated subcategory of D h (Ao) consisting of objects with cohomology 
in Mod 3Ood (^ )- One says that Ai G D b coh (A) is good if gr h {M) £ D b good (A Q ). One 
denotes by D b good {A) the full subcategory of D b coh (A) consisting of good objects. 

Theorem 1.5 ([8], Theorem 1.3.6). For any good A-module Ai and any K G B, 

we have H J (K; Ai) = 0, for any j > 0. 

Theorem 1.6 ([8], Theorem 1.3.6). An A-module Ai is coherent if and only if it 
is h-complete and h n Ai / h n+1 Ai is a coherent Ao-module for any n > 0. 

For a sheaf TZ of Z[fr]-algebras, set lZ loc :— 1Z <8>z x [fi] %x[fi, hr 1 ]. Following [5], 
Ai G D b (lZ) is said to be a cohomologically ^-complete object if RTLomTi(TZ loc , Ai) ~ 
RHomi x [ ti ]('Zx[h,h~ 1 ], Ai) — 0. We shall use for short the symbol chc to distin- 
guish cohomologically ^-complete objects. 

Remark 1.7. The category of chc objects is a full triangulated subcategory of 
D b (K). Namely, if in a distinguished triangle two of the terms are chc the third is 
also chc. 

Recall that any Ai G D b coh (A) is chc. 

For convenience, we denote by C the subcategory of chc- modules of Mod(Zx [h]). 

Lemma 1.8. C is a full abelian thick subcategory of Mod(Z,x[h]). 

Proof. By the remark above it remains to prove that C is closed under kernels and 
cokernels. Given a morphism / : A — > B in C, the mapping cone M(f) is chc in 
D b (Zx[h]) so from the distinguished triangle 

ker/[l] -)• M(f) coker/ ±> 

we derive a distinguished triangle: 

iiWoni Zjr[ft] (Zx[ft,n- 1 ] J kBr/[l]) -> KHom Zxlh] (Z x [h, hr 1 ], M(/)) -»■ 

-)• i?Wom Zx[fi ](Z x [ft, coker/) ^\ . 



s 
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Besides, Z[ft, ft *] is a Z[ft]-module with projective dimension < 1, so 
R 3 HoTa Zx [ft ] (Z x [h, tT 1 ], cokerf) = 0, for j ^ 0, 1 
WUom Zx[h] {Zx[Kh-%kcYf) = 0,for j ^ 0, 1. 

The result follows from the long exact sequence attached to the preceding triangle. 

q.e.d. 

Theorem 1.9 (@], Theorem 1.6.4). Let M G D b (A) and assume that Ai is chc 
and gr^Ai) is an object of D b oh (Ao). Then, Ai is an object of D b oh (A) and we 
have the isomorphisms 

(2) H\M)^^aH i (grl(M)). 

n>0 

Theorem 1.10 ([5], Theorem 1.6.6). Assume that A op /hA op is a Noetherian ring. 
Let Ai be a chc A-module with no h-torsion and such that AijhAi is a flat Aq- 
module. Then Ai is a flat A-module. 

Proposition 1.11 ([8 , Corollary 1.5.9). The functor grn is conservative in the 
category of chc objects. In particular it is conservative in FJ^_ C (C X ) — > D^_ c (Cx) 
andmD b coh (A)^D b coh {A ). 

Proposition 1.12 ([8], Corollary 1.5.7). Assume that Ai G Mod(A) is h-complete 
and h-torsion free. Assume that there exists a basis B of open (respectively of 
compact) subsets £1 such that H l (Q; Ai) — for i > 0. Then Ai is chc. 

Proposition 1.13 ( 8 , Proposition 1.5.10). If Ai G D b (A) is chc, then RHom A (N , Ai) 
is chc, for any M G D(A). 

Proposition 1.14 ( 8 , Proposition 1.5.12). Let f : X — > Y be a morphism of 
complex manifolds, and suppose that Ai G D b (A) is chc. Then, Rf^Ai is also chc. 

Let now / : Y — > X be a morphism of complex manifolds and let us consider the 
canonical morphisms: 

U ■ X x Y T*Y T*Y and f d :Xx Y T*Y -» T*X. 
Recall that / is said to be non-characteristic for an object F G D b (Kx ) if 

f^ 1 (SS{F)) n ker f d C Y x x T X X, 

where SS(F) denotes the microsupport of F. We refer to [6] for a detailed study 
of the notion of microsupport. 

We shall also need in addition the result below: 

Proposition 1.15. Let f : Y —> X be a morphism of complex manifolds. 

(i) Assume that a chc object Ai G Ff(Zx\K\) is non characteristic for f . Then 
f~ x Ai is chc; 

(ii) For every Ai G D b (Z x [h}), one has grn(f 1 Ai) ~ / 1 grn(Ai). 
Proof, (i) By(6j Prop. 5.4.13 (ii)], the result follows from the isomorphism 

RHom ZY [^ (Zy [ft, h~ x ] , f-M ) ~ f'RHom Zx [h] (Z x [ft, h~ l ],M). 
(ii) is clear. q.e.d. 
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For M G Mod(^4) one denotes by Mn-tor the submodulc of M consisting 
of sections locally annihilated by some power of h and by Mn-tf the quotient 
Mj Mn-tor- Thus the following sequence: 

(3) -> Mn-tor -> M ->• Mh-tf -> 0. 
is exact. 

G Mod(.A) is said to be an ?i-torsion module if A^s-tor — M and .M is 
S-torsion free if and only if M ^ Mh-tf- In particular, for each n > 0, .M„ is an 
S-torsion module since H n+1 M n = 0. 

Note that -Mft_i 0r is also the increasing union of the nM's. If M is coherent, 
the family { n M} n is locally stationary, so locally there exists N > 1 such that 
h N Mn-tor = and both Mh-tor and Mh-tf are coherent „4-modules. 

In particular, an ?i-torsion „4-module is coherent as an „4-module if and only if, 
locally, it is coherent as an „4„-module for n big enough. 

If M is a coherent „4-module, then each M n is coherent as an ,4-module, thus 
as an „4„-module. 

Lemma 1.16. Let — > M' — > M — > M" — > be an exact sequence in Mod(A) and 
suppose that M" is h-torsion free. Then, for each n > 0, the associated sequence 
of A n -modules: 

(4) -t M' n -> M n -t 0. 
is exact. 

Proof. For each n > 0, applying gr% to -> M' -> M — > M" -> 0, we deduce the 
long exact sequence 

o ->„ -»■„ m -»■„ m" -> -> m„ -> v\< -> o. 

By assumption n .M" = and the result follows. q.c.d. 

Corollary 1.17. Let M be an A-module. Then, for each n > 0, the following 
sequence is exact: 

(5) -> Mn-tor n -> X„ -> Mn-tf n -> 0. 

Let .M G Mod (.4), let n' > n — and denote by ft fe : .A4„' — > -M„ the morphism 
defined by the multiplication by Observe that the action of h k in M n coincides 
with the composition of the chain of morphisms 

M n A M n +k P "'" + fc > 

Lemma 1.18. For each n > k > 1 and each n 1 >n — k one has an exact sequence: 

(6) Mn'^ M n M k -! -> 0. 

Proof. Clearly ker(p fe _i, n ) = H k M/h n+1 M = W{M n >)- q.e.d. 

Lemma 1.19. Let .M fee an h-complete A-module. Then M is h-torsion free if 
and only if for every n > t/ie sequence below is exact: 

(7) O^Wo^K^ -M„. 
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Proof. If M fi,-torsion free, (0 is clearly exact since, for m,m' G M, the equality 
h n m = h n+1 m! entails m = hm' . 

Conversely, assume that for every n > we have the exact sequence ([7]). Thus, 
given (v n ) n G M such that Hv n — 0, Vn, it follows that v n = H n Uo n for some 
(unique) UQ n G Mo and we may choose u n G M n such that v n — h n u n , Vn. On the 
other hand v n = p nn ' (v n >) ',W > n, hence v n = p nn >(h n u n >) = H n p n n>{u n >) = 
since we may take n' > n + 1. q.e.d. 

Given a full substack ^ : £/ i— > ^(U) of ^od(A) of abelian subcategories, we 
shall consider the following condition defining a full Serre substack 5? of 

Condition 1.20. For each U, M belongs to ^(U) if and only if, for each x G U, 
there exists a neighborhood V C U of x such that, for any submodule A/" of M 
(and hence for any quotient Af of M belonging to &(V)), if K G S is contained in 
V, then 

(8) H j (K;Af) = 0, for anyj > 0. 

In particular, if — ^od co h{A), then 5? = c € . 

Lemma 1.21. Let M G Mod(A) and suppose that Mo belongs to 5^{X). Let (Vi)i 
be an open covering of X where Condition 1 1 . 20\ is satisfied by Mo- Then, if K G B 
is contained in Vi one has: 

(1) H*(K;Mn)=0,Vj>0,n>0; 

(2) H 1 (K; limM n ) = 0,Vj > 0. In particular, if M is h-complete one also has 

n 

W(K;M) = 0,Vj > 0. 
Proof. (1): Let us consider, for each n G N, the exact sequence: 
h n M/h n+1 M Mn ^ Mn-l -> 0. 

Since h n M/h n+1 M is the image of the morphism h n : Aio —> M n , then it is also 
a quotient of Mo- Thus, starting with Mo, the result follows by induction on n. 

(2): By (1), when B is a basis of open sets the statement is clear. When B is a 
basis of compact sets, we may consider a fundamental system of compact neighbor- 
hoods K G B of K in V*. For any j, we have H^{K,\\mM n ) ~ lim W[K, lim M n ) . 

n n 

Since the map W{K, hmM n ) — > (K,]fon M n ) factors by 

n 

H*(k,)paM n ) -> W(k,\^m(M n \ R ) -> F(X,|mW„) 

n n n 

it remains to observe that W (K, ]^mM n \ f>) = 0, forj > 0, as a consequence of (1) 

n 

and of (i Exercise 11.12. b)]. q.e.d. 

2. The category Mod s („4). 

In this section we prepare the notions needed for our main result (cf. Theo- 
rem [324] below). Since we shall deal with subcategories of sheaves whose objects 
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are described by local properties, the convenient language is that of stacks. More- 
over, since on each open subset U C X we deal with categories of sheaves which 
are abelian subcategories of modules over some sheaf of rings defined on A, and 
the restriction morphisms are the usual restriction of sheaves to open subsets, our 
stacks are in fact sheaves of categories. A fortiori we deal with K-linear stacks. For 
the background on stacks we refer to [7]. 

Let A be an algebra of formal deformation on a complex manifold X and let there 
be given and fixed in the sequel a K[[ft]]-linear full Serre substack <S : U h-> S(U) of 
^od co h{A). By convenience, for each n G No, we shall denote by S n the substack 
of ^£od co h(An)- 

U i ^ S n {U) := S(U) n Mod(A n \u). 
Hence, for each open subset U C X and each n £ No, S n {U) is a full Serre 
subcategory of Mod co /j(.4. n | re- 
convention 2.1. In view of our applications, if there is no ambiguity, given an 
open subset U C X and M G Mod co h(A\u) , we shall often use the notation M. G S 
(resp. M G S n ) to mean that M G S(U) (resp. M G S n (U)), Furthermore, we 
denote by D b s {A) the full triangulated subcategory of D b (A) consisting of objects 
with cohomology in S. 

According to the above convention: 

Definition 2.2. We denote by Mods (.A) the full subcategory of Mod co h(A) con- 
sisting of ^-modules M. such that: 

For each n > 0, the complex gr^{M) belongs to Dg(A), that is, both n A4 and 
M n are objects of S n . 

Since each M e Mods(.A) is coherent, the sequence { n M.) n is locally stationary, 
in other words M.n-tor is locally annihilated by a fixed power h N . 

Proposition 2.3. (1) S(X) is a subcategory of Mods (A). 

(2) Let M be an h-torsion A-module such that M £ Mods(A). Then M 6 
S(X). 

Proof. (1): Let Ai G S(X). For n e No we have the exact sequences: 

-4- h n+1 M -» M -» M n -> 

and 

->„ M -> M -¥ K n+1 M -»■ 0, 
thus n M and M n belong to S(X). 

(2): We have M ~ Mh-tor hence we can cover X by open subsets U and choose 
positive integers N v such that h Nu+1 M\u = 0. Thus M\u ^ M N \u G S Nu (U) C 
<S(?7) so A4 G 5(A) since 5 is a stack. q.e.d. 

Proposition 2.4. Lei .M 6e a coherent A-module. Then the following properties 
are equivalent: 

(1) M is an object of the category Mod${A); 

(2) A4 G S ; 
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(3) M n G S n , for each n>0. 

Proof. (1 => 2): By definition. 

(2 3): By Lemma Tl. 181 we have an exact sequence 

M n -i A- M n Mo -> 0. 

Since Mo G So we can proceed by induction to conclude that M n G S n for every 
n > 0. 

(3 =>■ 1): The statement being of local nature we may assume the existence of 
N > such that M h -tor N ^ Mn-tor- 

Assume that M n belongs to S for any n > and let us prove that n M belongs 
to S. 

Note that n M ~„ Mn-tor and that, by Corollarv ll.171 for each n > 0, A^-tom G 
5. Taking JV big enough as above implies that Mn-tor belongs to S, so, by Propo- 
sition [231 Mn-tor G Mods(^l). Therefore „A1 € S. q.e.d. 

Proposition 2.5. Mods (.A) is a Serre subcategory of Mod co n(A). 

Proof. Consider an exact sequence in Mod co h{A) 

-> A4i -t Mi -> A^3 0. 

/ s 

One has a distinguished triangle 

K(-Mi) -> 9r n h {M 2 ) -+ gr n h (M 3 ) 

so gr^(Mi) G f 5(^4) if it is so for gr^(Mj) and (^(Mfc), with i ^ j, k, for every 
71 G N . 

Therefore it remains to prove that if Mi is an object of Mods (.A) then Mi and 
Mz belong to Mods (A). To prove this we consider the long exact sequence 

->•„ Ml -> n M 2 -> n M 3 -> Mi.n -t M 2 ,n ~> M 3 ,n ~> 0. 

The assumption on S entails that n Mi, Mz : n G £„. By Proposition 12. 4[ we also 
have n M3 G S n and the proof follows. q.e.d. 

Hence, in view of ((3]), an A- module M is an object of Mods (A) if and only if 
Mn-tor and Mn-tf are objects of Mods{A). 

3. Extension of functors. 

Let now X, A and S be as in Section [5] In the sequel we shall assume that S 
satisfies the following: 

Assumption 3.1. For each open subset U C X, S(U) — \J n S n (U). 

Let Y denote another complex analytic manifold and A' an algebra of formal 
deformation on Y. For simplicity we still denote by h the fixed section in the 
center of A', thus both A and A' are K[[7i]]-algebras. Let us denote by £>' the 
corresponding basis of neighborhoods in Y. For a substack S' of ^od(A'), for 



EXTENSION OF FUNCTORS FOR ALGEBRAS OF FORMAL DEFORMATION 



13 



each n e No, according to the notations of Section [21 we shall denote by S' n the 
substack: 

S' n : V ^ S' n (V) = S'{V) n Mod(A». 
From now on we consider fixed a full abelian substack of ^od(A') as well as a 
full Serre substack S' of c € l . 

Firstly assume that we are given a K[[7i]]-linear functor F : Mod(^4) — > Mod(A'). 
Then, naturally, one defines a new functor F , formal extension of F, by setting: 

Definition 3.2. F h is the functor from Mod(^) to Mod(A') : 

(1) for M e Modfyt), 

F h {M) = ^mF(M n ), 

n>0 

(2) given a morphism / : M. — > Af in Mod(y4), 

F h {f) : F h (M) -¥ F h (J\f) 
is the morphism associated to the morphisms 

F(M n ) -^H F(AT n ) 

where M n Af„. is induced by /. 

Our goal now is to discuss the properties of F h when F is a functor from S to 
S' (in a sense to be clarified) and regard its restriction to Mods (.A). For that we 
need to state additional assumptions: 

Assumption 3.3. Henceforward we assume that S' plays the role of S* in Condi- 
tion [TT20] with respect to If' and B 1 . 

Assumption 3.4. We fix a functor <f> from the category Op(X) of open subsets of 
X to the category Op(Y) satisfying the following conditions: 
. = Y; 

• For any open subset ft C X and any open covering (L7j)j of ft, ($>(Ui))i is 
an open covering of $(^)- 

Let us denote by <£>*£' the prestack defined by assigning to each open subset 
U C X the subcategory $>*S'(U) := S'($(U)) of Mod^']*^)), the restriction 
morphism associated to U D V being the sheaf restriction from $>(U) to $>(V). 

Let now F be a K[[S,]]-linear functor of prestacks: F : S — > $*<S'. In particular, 
to each U e Op(X), F assigns a K[[fi]]-linear functor F(U) : S{U) -4- S'($(U)) 
compatible with the restriction morphisms in Op(X). 

Whenever there is no ambiguity, we shall write F instead of F(X). We shall 
keep this simplified notation up to the end of this section whenever there is no risk 
of confusion. 

According to the preceding conventions, given A4 £ S, if h n+1 A4 = then 

h n+1 F(M) = hence F\ Sn takes values in S' n . 

Let now U G Op(X) and let us consider M G Modsjj/) [A\u)- 

For n > k > denote by F(U)(pk, n ) the image of the epimorphism pk, n ■ Mn — > 

M k by F(U). 
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We obtain a projective system of A'\$(u) -modules (F(U)(A4 n ), F(U)(pk, n )) and, 
by Definition EH) an extended functor F(U) h : Mod s{u) {A\u) -> Modfyt'l*^) 
given by F(U) h (M) := \^mF(U)(M n ). Recall also that the functor on the cat- 

n>0 

egory of projective systems of Mod(„4') commutes with restriction to open subsets, 
hence, if we start with Ai £ Mod(^l'), for each open subset U C X, 

F\M)\ HU) ~ (F\u) h (M\u). 

Proposition 3.5. Let M be an h-torsion A-module in Mods(A). Then, we have 
F h (M) ~ F(M) in Mod(A'). 

Proof. In accordance with Proposition 12. 3[ M. 6 S, hence we have a natural mor- 
phism F(M) — > F h (M). We shall see that this morphism is locally an isomorphism. 
We can cover X by open subsets U <Z X and consider a family of positive integers 
N v such that h N+1 M\u = 0. By the assumption, {$(£/)} is an open covering of 
Y. Since, for each n > Nu, M. n \u — M-n v \u — M-\u, we obtain: 

F h {M)\< HU) :=^F{M n )\ HU) ~ F(U){M Nu \u) ^ F(U)(M\u) ^ F(M)\ HU) , 

which ends the proof. q.e.d. 
As a consequence, by the assumption on S we conclude: 

F% F. 

Remark 3.6. The existence of $ is the main tool to prove Proposition 13.51 which 
is a key property in the sequel. $ would also be used if, with our machinery in 
hand, we went on constructing the stack ^ods(.4) defined by U n- Mods(A)(U), 
the category Mods{A)(U) being defined in U in a similar way to Definition 12.21 
Indeed we might define F h not only as a morphism of categories but as a functor 
of prestacks ^ods(A) —> <E > * ^od(A'). However, in view of the applications, it is 
enough to work with F h defined as a morphism of categories, cf. Definition 13.21 

3.1. The case of right exact functors. In the sequel we will assume that F(X) 
is right exact. 

Lemma 3.7. Let M G Mods (A). For each y GY, if K S £>' is contained in a 
neighborhood V of y satisfying Condition 1 1 . 20\ with respect to F(Mq), then one has 
Hi(K; F(M n )) = 0, for any j > and n G N . 

Proof. In accordance with the right exactness of F(X), for each n € N, the se- 
quence: 

F(h n M/h n+1 M) -4- F(M n ) f(p " ,n) ) F(Mn-i) 

is exact and F(h n M/h n+1 M) is a quocient of F(Mo)- 

The proof then proceeds by induction as in Lemma ll.21f 1). q.e.d. 

Let M £ Mods (A) and let us now denote by g n : F h (M) -> F(M n ) the 
canonical projection. 
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Lemma 3.8. For each n > 1, the sequence 

(9) F h {M) > F h (M) ^ F(M n ) -> 0. 
is exact. 

Proof. Using Lemma 11.181 and considering sufBciently small in a basis B' in the 
conditions of Assumption 11.21 or Assumption 11.31 it follows that, for any N > n, 
the sequence 

(10) r(Q; F(M N )) r(Q; F(M N )) r(fi; F(M n )) -> 

is exact. In this way we obtain an exact sequence of projective systems satisfying 
Mittag-Leffler's condition, so, applying the functor lim we obtain an exact sequence: 

N 

(11) |mr(0;F(X»)) ^aT(Sl; F(M N )) ->T(Sl;F(Mn)) ->• 0. 

iV AT 

If B' is a basis of open sets, this immediately entails the exactness of ((9]). If B' is a 
basis of compact sets, we prove the exactness in the stalks. 

Let y G Y and let us consider a fundamental system of open neighborhoods 
of y and a fundamental system of compact neighborhoods {if;}i C N of y, 
with Ki e B' and 

(12) K l+ i CH,C Int(^). 

Applying lim to the sequence obtained by replacing in (|llj) i7 by Ki, we obtain 
an exact sequence: 

F h {M) y ^ F h {M) y ^ F(M n ) y -> 0, 
as desired. q.e.d. 
As a consequence, 

Corollary 3.9. Let M G Mods (.A). T/ien F n (.M) is an h-complete A' -module. 

As a consequence of Corollary 13.91 together with Lemma Tl .2 II we conclude: 

Proposition 3.10. Let M G Mods^). TTien satisfies the vanishing 

condition (0) on Condition \1.20\ for sufficiently small K G 6' . 

Theorem 3.11. TTie functor F h is right exact. 

Proof. Let jVt' — >• .M — >■ .M" — > be an exact sequence in Mods (.4). It gives an 
exact sequence of projective families with elements in S': 

(13) F(M' n ) -> -> F(M'^) -> 0, forn > 

Thus, for every sufficiently small set £1 in a basis £>' in the conditions of Assump- 
tion 11.21 or Assumption 11.31 we get a projective system of exact sequences 

(14) r(fl; F(M' n )) -> r(fi; F(M n )) -> r(Q; F(A<)) -> 0, 

where each term satisfies Mittag-LefHer's condition. The proof then proceeds by 
the same argument as in Lemma 13.81 q.e.d. 
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Corollary 3.12. For M. £ Mods(A) the sequence below is exact: 

(15) F h (M n -tor) -> F\M) F h (M h - tf ) -> 0. 

Proposition 3.13. Let us assume that S' is a subcategory of Mod co h(A') . Then, 
for every M £ Mod s (A), F h (M) belongs to Mod s >(A'). 

Proof. In view of Proposition ^. 41 and Lemma [378] it is enough to prove that F h (M) 
is ^.'-coherent, which in turn is reduced to prove that 

h n F h (M)/h n+1 F h (M) 

is a coherent ./Ip-module by Theorem 11.61 together with Corollarv l3.9l 

Since K l F h (M) / h n+1 F h (M) = h n F h {M) n ^ K l F{M n ) the result follows, 
q.e.d. 

Proposition 3.14. Consider the case where each S n coincides with the stack 
■M. od co h(A n ) . Assume in addition that F h (A) is h-torsion free. Then: 

(1) F h (A) is chc. 

(2) For any M £ Mod coh {A), F h (M) is chc. 

Proof. Let us start by noticing that, by the assumption, Mods (.4) coincides with 
MoA coh {A). 

(1) The statement follows by Proposition 1 1.1 2[ together with Propositions 13.101 
and EH 

(2) Let us consider a local presentation 

A N ^ A L ^ M ^ 0, 

for some N,L el. We get an exact sequence 

F h (A) N -> F h (A) L -> F h {M) -> 0, 

and the result follows by Lemma Tl .81 q.e.d. 

3.2. The case of exact functors. Throughout this subsection we shall assume 
that F(U) is exact for any open subset U C X. 

In this case, applying Lemmas 11.191 and I3.8[ we get a family of exact sequences 

-> F h (M) ^ F n {M) n A F H (M) n , Vn. 
Thus, again by Lemma 11.191 we conclude: 

Corollary 3.15. Given M £ Modg(A), if M. is h-torsion free then so is F h (M). 
Theorem 3.16. F h is also an exact functor. 

To prove this we shall need the following results: 
Lemma 3.17. The sequence of A 1 -modules 

(16) -> F h (Mn-tor) -> F h (M) F h (M h -tf) 
is exact. 
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Proof. For each n > 0, applying the exactness of F to ([5]), we obtain an exact 
sequence of projective systems with elements in S': 

(17) F{{M h -tor) n ) -+ F{M n ) -»• F((M h -tf) n ) 0. 

Thus, for every sufficiently small set in a basis £>' in the conditions of Assump- 
tion 11.21 or Assumption 11.31 we get a projective system of exact sequences 

(is) o r(o ; F((x^ tor )„)) -»■ r(n ; f(m„)) -». r(n ; F((x s _ t/ )„)) o, 

and the result follows by a similar argument to that used in the proof of Lemma 

q.e.d. 



Corollary 3.18. For every Ai £ Mods(A) and n > one has 

n F h (M) ~ F( n M). 

Proof. Fix n > 0. By Proposition E21 F h {M h -tor) ^ ^CMfe-tor) in Mod(>C). 

Then, Lemma 13.171 and Corollary 13.151 together with the exactness of F imply 
the chain of isomorphisms: 

n F h {M) ~„ F h {M h ~tor) F(M h -tor) ^ F{ n M h -tor) F( n M). 

q.e.d. 

Lemma 3.19. For any M G Mod s (A), F h (M) is chc. 

Proof. By virtue of Corollaries 13.91 and 13.151 and Propositions 13.101 and 11.121 the 
assertion holds for A4 fi,-torsion free. To treat the general case, we observe that the 
statement is of local nature on Y. We can cover Y by open subsets of the form Q(U) 
and consider integers N v such that h Nu F h {Mn-tor)\<t>(u) — h Nu F(Mh-tor\u) = 0. 
Since A' loc ~ tl Nu A' loc , it follows that in $([/) 

RHom A ,(A loc ,F h (M h -tor)) = 
hence F h (Mn-tor) is chc and so is F h (M) by Lemma [5. 171 q.e.d. 
As a consequence of Corollary 13.181 together with Lemma T3.8I we get: 

Corollary 3.20. For every A4 € Mods (A) and n > 0, we have a family of iso- 
morphisms in D b (A' n ) : 

(19) W{gr n h {F h {M))) ~ F(H'gt%(M)), Vj 6 Z. 

EW of the proof of Theorem \3.1b\ 
Given an exact sequence in Mods(.4) 

(20) M' -> M -> M" -> 
we deduce that 

-> F h (M') -4 F ft (.M) -> i rfi (M") ->• 

is exact thanks to Lemma [3.191 and Corollary 13.201 by applying grn to (|20|) . This 
achieves the proof of Theorem 13.161 
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3.3. Unicity of extensions. Let us now discuss the unicity of the extensions of 
the functors treated above. 

Consider Serre substacks S and S' and a functor $ : Op(X) — > Op(Y), as above. 
Let G : S -> be a K[[fi]]-linear functor. Let Q be a functor from Mods(„4) to 
Mod(^l') such that Q\s takes values in S' . 

Definition 3.21. We shall say that Q extends G(X) if Q\$ and G are isomorphic 
functors. 

In particular, if Q extends G(X), the natural morphisms 
9(M) -»■ Q{M n ) ~ G(X„) 
define a morphism of functors: 

Q{-) -> G ft (-)- 

Proposition 3.22. Consider the case where each S n coincides with the stack 
Mod coh (A„). 

Assume that G(X) is right exact. Then, up to isomorphism, G h is the unique 
right exact functor Q : Mod coh (A) — > Mod(A') that extends G(X) and verifies 
g(A)=lmiG(A n ). 

n 

Proof. Recall that Mods(„4) coincides with Mod co h(A). First of all, it is clear that 
G h satisfies the statement. 

Suppose that Q is another right exact functor that extends G(X). Taking a local 
presentation of M. G Mod co ^(^l), say, 

A N -> A L -»• M -> 0, 

and applying Q and G h , one gets the diagram below with exact rows: 

G{A) N -> ^(^) L -> ^0^0 

(G fi (^)) Ar -> (G R (^)) L -»• G R (7W) ^0^0. 

The statement then follows by the Five Lemma in view of the hypothesis Q(A) = 
G h (A). q.C.d. 

Proposition 3.23. Consider the case where G(U) : S(U) — > S'(U) is an exact 
functor for any U S Op(X). Then, up to isomorphism, G h is the unique (exact) 
functor Q that extends G{X), takes values in the category ofchc objects and verifies 
n G{M) — G(n-M) an d G{M)n — G{M. n ) (the last isomorphisms being associated 
to the canonical morphisms). 

Proof. Clearly, G h satisfies the statement. 

On the other hand, consider a right exact functor Q which extends G, goes to 
the category of chc ^'-modules and commutes with „(•) and (•)„. Then, applying 
gr to the morphism Q — > G fi , one concludes the isomorphism Q ~ G h . q.c.d. 

We can now sum up the above discussion and state the main result of this section: 
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Theorem 3.24. Let X andY be complex manifolds, let A (resp. A') be an algebra 
of formal deformation on X (resp. on Y ), let S (resp. S 1 ) be a full Serre substack 
of ^od co h(A) (resp. a full Serre substack of a full substack ff' of abelian categories 
of ^od(A')) and let be given a functor $ : Op(X) — > Op(Y) in the conditions of 
\3.4\ Assume that S satisfies as sumption 1 3. 1\ and that S' satisfies assumption \3.3\ 
with respect to c (a" . Let F : S — > $*<S' be a ¥L[[h]]-linear functor and assume that 
for each open subset U , F(U) is right exact. Then: 

(1) F h : Modg(A) — > Mod(A') is a canonical right exact &.[[H]]-linear extension 
ofF; 

(2) when c € l = ^od co h{A'), then F h takes values in Mods'{A'); 

(3) if, for each open subset U C X, F(U) is exact, then so is F , and up 
to isomorphism, it is the unique extension of F that takes values in the 
category of chc objects and commutes with „(•) and (-)n- 

Remark 3.25. F h is canonical in the following sense: keeping the preceding no- 
tations, if we are given a functor H : S S, a functor H : S' —¥ S' , and a 
morphism 9 of functors $, "J : Op(X) — > Op(Y), we derive a functor of prestacks 
H* : -> together with an extension H h : Mod s (A) -> Mod^{A'). If 

moreover F : S — > $*S", F : S — > ty*S' are given, one may define a morphism 
F — > F as being a morphism of functors H* o F — > F o H (cf. diagram below): 

S A 

Hi iH* 

s A y*s' 

In this situation, we get a morphism of functors F h — > F h o H n (cf. diagram below) : 

S ^ Mod 5 (.4) ^ Mod(A') 
Hi iH h ^ || 

S ^ Modj(^) ^ Mod(^l') 

4. Application to 2?x [[^-modules. 

Let X be a complex manifold. Let Ox be the sheaf of holomorphic functions on 
X and let T>x be the sheaf over X of linear holomorphic differential operators of 
finite order. 

As the title suggests, in this section we apply the results of Section[2]and of Sec- 
tion 3 for A — T>x[[h]]. We shall extend functors defined on full Serre subcategories 
of Mod co h(X>x) whose objects are characterized by local properties. As we shall 
see, these full subcategories being the data of full Serre substacks, the functors we 
are interested in define linear functors to which apply the results in Section 3. So 
we skip the constant reference to substacks, as stated in Convention 12. 1[ referring 
to the categories most of the time. 

Recall that one denotes by V x as well as by O x . Recall also 

that T>x satisfies (i), (ii) and (iv) of Assumption [TT31 taking for B the family of Stein 
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compact subsets of X, for Ao the C-algebra Vx and considering the prestack of 
good Xbf-modules in the sense of [5]. 

The formal extension functor is defined by 

(■) h : Mod(V x ) -> Mod(V x ), 

M i— > M h = lim(V x /n n+1 V x ® Vx M). 

n>0 

In particular Ai h is /i-complete for any A4 <E M.od(Vx)- 

An exhaustive study of X^-modules has been done in [5] whose notations we 
maintain here. 

Remark 4.1. V x induces, for each n > 0, a (left and right) structure of free T>x- 
module of finite rank (n + 1) on the algebra V\ n := V x /H n+1 V x which becomes 
a (V x , Vx )-bimodule (resp. a (Vx , V x )-bimodule) . 

Following [8 , an object M. g D h coh (V x ) is said to be holonomic (resp. regular 
holonomic) if gr h (M) is an object of D b hol (V x ) (resp. of D b hol (V x ))- The full 
subcategory of D b oh (V x ) of holonomic (resp. regular holonomic) objects is denoted 
by^L(^v-) (resp. D b rh (V%)). 

Denote by £lx the sheaf of holomorphic forms of maximal degree on X and set 
ftf" 1 := Homo x (fl x , O x ) as usual. 

We shall need the following functors: 

D' CR : D b (C%) -> D b (C h x ) , F i-> RHom C h (F, C x ), 

D' VK : D b (V x ) -> D b (V x ), M i ^ RUom v n x (M,V x ), 

Sol* : D^(2?») -»> i? 6 (C^), X Jtffom^ (X, 0» ), 

£>ii fi : I& fc (X>* ) -> ^ b (C|), .M * RHom v n x (O x ,M), 

: £> c 6 ^l) -»• Dco h (V h x), M ^ RHom n (M,V x ® Qx fif -1 

When the base ring is fixed and there is no risk of confusion we shall denote each 
of the functors D' CR and D'^ simply by D' h . 

As shown in Theorem 3.15 of [5] the following diagram is commutative: 

(21) D b hol (V x )^-D b c _ c (C x ) 

Sol h 

Remark 4.2. After [2], and according with our previous notations, the category 
Mod co h(V x ) equals the category Mods (V x ) > where the full Serre substack S is 

Similarly, the category Mod r h(V x ) is defined by the Serre substack 
U i y S(U) = U n J?od rh (V X n )(U). 
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4.1. Inverse image. Let / : Y —> X be a morphism of complex manifolds. One 
defines a right exact functor /* : |J n Mod(V x >n ) -> |J„ Mod(X> y J setting 

f(M) = Y ® f - 10x f~ l M. 

We refer, among others, to |10j for a quite general study of this functor for n = 0. 

Let ( €' be the abelian full subcategory of pseudocoherent 2?^--modules and let 
S' C c €' be the full subcategory of pseudocoherent £>y-modules satisfying Assump- 
tion [1201 with respect to the basis £>' of Stein compact subsets of Y . 

Lemma 4.3. Let S be equal to (J n Mod co h(D x „). Then, for any morphism f : 
Y -> X and any MeS, f{M) 6 S' . 

Proof. Observe that, for given n > 0, and A4 G S n , considering the / -1 (2?x)- 
module structure on f~ 1 (M) referred to in Remark l4.11 we get 

f{M)~V Y ^ x ® f - 1Vx r l M. 

Recall that any coherent £V-module is locally good, and any pseudocoherent XV- 
submodule of a good 2?y-module is itself good. 

By [10]) it is known that the inverse image of a coherent 2?x-module M. is a 
pseudocoherent 2?y-module which satisfies the following property: 

(1) In a suitable neighborhood of each y 6 V, it is an inductive limit of good 
2?y-submodules. 

Since inductive limits commute with cohomology on compact sets, it follows that 
f*(A4) satisfies (jHJ. Note also that condition (1) is closed for quotients and hence 
for submodules in the abelian category of pseudocoherent modules. Indeed, given 
M. a pseudocoherent module satisfying (1) and given a pseudocoherent submodule 
N of A4, the quotient 

M/J\f 

is pseudocoherent. If in an open set Q we have A4\n — linrA^q, for given good 

a 

submodules M. a of Ai, since their images in MjM are locally finitely generated, 
hence coherent, hence good, it follows that each Af<~) M. a is good. By the exactness 
of inductive limits we get that N\q ~ limA/" PI M. a - This ends the proof. q.e.d. 

a 

In what follows we shall denote by S the full Serre substack 

U h+ S(U) - \J^od coh (V x , n )(U) 

n 

of JZod coh {V%). 

Let us denote by $ : Op(X) -> Op(Y) the functor given by $(?/) = 
together with the inclusions U D V $(C7) D < i ) (^)- Clearly $ satisfies [341 

In view of Remark 14.21 and Convention 12. 1[ by Theorem 13.241 we are in the 
conditions to define a right exact functor extending /*: 

f h >* : Mod coh (V x ) -> Mod(P^), 
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given by 



and we have: 



f h '*(M) = Mm ( O y <8> f~ x M, 

f-HOx) 



(22) f"*(O h x )~0 Y . 
Indeed, one has 

f h >*{O n x ) = limfoy ® r\O h x /h n+1 O x ) 

~ lim fcV ® <8 (C x /h n+1 C x )) 

n^0\ f- x (Ox) Cx 



~ lim f Oy (8 (C y /fi" +1 C y )^) 
Let us consider the (T> Y , f~ 1 (T> x ))-bimodu\e 



Oy. 



JC:=f h >*(V x ) = ]hn(0 Y ® /^(Z^/ft"* 1 ^) . 

^TcA /"'(Ox) / 

Since for each n, f- l {V x /h n+l V x ) is isomorphic to / _1 ( I) x)®Cy C Y /h n+1 C Y we 
conclude: 

Lemma 4.4. As a (T> Y , f~ 1 {T> x ))-bimodule K, is isomorphic to the formal exten- 
sion (Z>y-»Jf) of the transfer module Py_>x- In particular it is H-complete. 

Proposition 4.5. Let f : Y — >• X 6e a morphism. Then: 

(i) /C is c/ic. 

(ii) For each M G Mod coh {V h x ), £ K *(M) is chc. 

(hi) For .M 6 Mod co h{'D x ), one has an isomorphism in Mod(T> Y ): 

(23) ® f~ l Ma f*' h (M). 

f-HVx) 

(iv) For each M £ lf coh {V x ), K I / _1 .A4 «s cfic. 

Proof, (i) Follows by Proposition 13. 14f 1 ) since K ~ T> Y ^x is ft-torsion free, 
(ii) Follows by Proposition |3~14T 2). 

To prove (hi), note that M. n> K, ® f~ 1 (A4) is a right exact functor that 

f-H^x) 

extends /* in the sense of Definition 13.211 Hence, the result follows by Proposi- 
tion GOl" 

(iv) Let now be given M £ D b coh (V x ). Given a local free resolution 



V h x '% S M 



it yields a quasi-isomorphism 
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in D b (V Y )- To conclude the statement it is enough to apply Lemma H. 81 q.e.d. 

Remark 4.6. As a consequence of (hi) of Proposition 14.51 we give a meaning to 
Lf'* as follows: 

For M S D b coh (V x ) we set: 

Lf h >*{M) :=K I f~ l M. 

More precisely, the left hand side of (j2"3")l defines a left derivable right exact 
functor If on Mod(2?^-) which is equivalent to f h '* on Mod co h(T> x ) . Since any 
A4 G Mod co h(T>x) admits locally a free, hence //-projective, resolution, we may 

denote without ambiguity the derived functor K, ® by 

f-Hv R x ) 

Proposition 4.7. Let M E D b hol (V x ). Then Lf"*(M) 6 D b hol (V Y ). The same 
statement holds if we replace the assumption of holonomicity by that of regular 
holonomicity. 

Proof. Since gr^(Lf '*(A4))~V Y ^x ® / grn(-M) (indeed as shown in Propo- 

sition 1.4.3 of [5], gr^ commutes with tensor product and also with the result 
follows from the analogous property for holonomic 2?-modules due to Kashiwara 
([3]) together with Proposition II. Ill q.e.d. 

4.2. The non characteristic inverse image. Recall that, in the sense of [6], / 
is said to be non-characteristic for M. £ Mod co /j(I?x) if 

f-\Char{M)) n ker/ d C Y x x T X X, 

where Char(A4) denotes the characteristic variety of A4. 

Let us now denote by NC(f) the Serre substack of ^ od co h{T) x) which, to each 
open subset U C X, assigns NC(f)(U), the full Serre subcategory whose objects 
M. G yio& co h(V x\u) are such that is non-characteristic for M. 

We can restrict /* to NC(f) as a C n -linear functor of stacks. Then, for each 
open subset U C X, f*(U) is exact ( 6 , Proposition 11.2.12), and takes values in 
MoA coh {T>Y !/-!([/))• 

Therefore, by Theorem 13.241 the restriction of the extension functor / '* to 
Mod^c(f)(T^x) i s an exac t functor 

f'* : Mod NC{f) (V x ) -»• Mod coh (V Y ). 

We shall denote by D h NC ^(V x ) the subcategory of D b coh (D x ) whose objects M 
are such that grn{M) is non-characteristic for /. 
In particular, for any /, O x € Mod NC (f)(T> x ). 

Recall that for any coherent Pjf-rnodule one has a well defined morphism in 
D b {V Y ): 

(24) f-\RUom Vx {,M,O x )) -> RHotcl Vy (Lf_*(M), O y ), 

which is an isomorphism when M. is non-characteristic for / (Cauchy-Kowalewskaia- 
Kashiwara's Theorem). 
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This result may be generalized to the formal setting as follows: 

Theorem 4.8 (Cauchy-Kowalewskaia-Kashiwara). Assume that Ai belongs to D b NC ^^('D x ). 
Then one has a natural isomorphism in D b coh (T> Y ): 

(25) f- y RUomv*JM,°%) - RUom r) n{Lf^{M),0 Y ). 

Proof. By Propositions 11.131 and 11.151 we have a natural morphism between chc 
objects 

f^RHom-jyh (M, O x ) ->• RTiom^n (K. I f~\M),K I / -1 0jr) 

(see Exercise 11.24 of [BJ for the construction of the morphism). 

Besides, by JUJ and (J23J) , K ® f _1 (°i) - °y- The result then follows by 

Proposition 14. 51 and Proposition !!.!!! q.e.d. 

We may also introduce the so called extraordinary inverse image associated to /, 
which we denote by Lf h '': 

Lf> 1 : D\V h x ) -> D b {V Y ) 1 M ^ O h {Lf_ h '*(n h {M))). 

We refer to [12] for that notion in the 2?-module case. 
By Proposition 14.71 and by duality we get: 

Corollary 4.9. Let M G D b hol (V x ). Then, Lf h ' ] (M) G D b hol (V Y ). 

4.3. Direct image. In this section we discuss the possible application or adap- 
tation of our results to the functor of direct image. We shall work with right 
X^-modules but all the results are easily adapted to the case of left X^-modules. 

We identify the abelian category of right X> R -modules to the opposite category 
Mod{V Y ° p ). 

Let / : Y — > X be a morphism of complex manifolds. Let /C denote the associated 
transfer module. 

4.3.1. The case of a closed embedding. Let us treat the case where / = i : Y X , 
the embedding of a closed submanifold. In this case T> Y ^,x is flat over T> Y and we 
obtain an exact functor 

I, ■ Mod coh {V Y op ) -> yiod coh (V x op ), M h> U{M) := u{M ®v y V Y ^ X ). 

Here the full Serre substacks S and S' are respectively Ji ' od co h(T> Y op ) and 'od co h(V 'x° p ) ■ 
We can choose as a candidate for the functor $ : Op{Y) — > Op(X) the data 
U H» &(U) := X \ (Y \ U) which clearly satisfies 13.41 and we are in conditions 
to apply Theorem 13.241 to extend as an exact functor 

ij : Mod coh (V Y ° P ) Mod coh (V x ° P ), 
i^(M) := ^mu(M„ ®v Y V Y ^ X ). 

n>0 
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4.3.2. Discussion of the general case. By Lemma 14.41 we have JC ~ (ZV-kx) 5 hence 

So, for .M € Mod(I?y 0p ), we get natural isomorphisms in Mod(f~ 1 (D x )n) : 

Since projective limits commute with direct images, (|26[) entails a morphism 
(27) U(M ® v n JC) -> hm /*(M n (g)^ Dy^x), 

Tt>0 

which defines a C -linear transformation of functors of stacks. When / is a closed 
embedding, as proved in Corollary 14.161 below, it is an isomorphism of functors. 
Indeed, we don't know if it is an isomorphism in general, as explained in Remark 
14. 151 below. However we have the following partial results: 

Lemma 4.10. If Ad € Mod co h{V Y OP ) is such that M. ® p » JC is h-complete then 
is an isomorphism. 

Proof. If M. <S>-ph JC is ^-complete then 

M ® V h JC ~ lim(M <E> v n JC) n = hm(C y „ ® c r (M <E) v n JC)) ~ 

n>0 n>0 
n>0 n>0 

and since /* commutes with projective limits the result follows. q.e.d. 

Lemma 4.11. For any M S Mod coh (V Y ° P ), M ® v n JC is chc. 

Proof. By Proposition 14. 5[ JC is chc. On the other hand we can choose a local 
presentation of M. by locally free P^-modules to which we apply the right exact 
functor • ® V h JC. Hence M ®x>^ ^ ^ s locally the cokernel of a C y -linear morphism 
of c/ic-modules and the result follows by Lemma 11.81 q.e.d. 

Corollary 4.12. Let M G Mod co h{V Y ° p ). Then \2T§ is an isomorphism in each 
one of the following cases: 

(i) M is an h-torsion module; 

(ii) M. (8>£>fc JC is h-torsion free. 

Proof. By Lemma 14.101 it is enough to prove that in both cases M ® v n JC is fir- 
complete. 

(i) If A4 is an fi-torsion module and since the result is local, we may assume that 
there exists some N > such that h N M = 0. This implies that H N (A4 ® v n JC) ~ 
and, in particular, that Ai ® p s JC is fi-complete. 

(ii) If Ai ®i>h JC is an fi-torsion free module, by Lemma [4.111 together with [8], 
Lemma 1.5.4, it is ^-complete. q.e.d. 

The following result is possibly well known but we find it useful to prove here: 

Lemma 4.13. Let F £ Modu-d&x) ■ Then F is h-complete. 
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Proof. We shall prove that the natural morphism F —> |im F n is an isomorphism. 

n>0 

By the triangulation theorem (Proposition 8.2.5 of [6]) we may assume that F 
is a constructible sheaf on the realization of a finite simplicial complex (S, A) (we 
refer to [5] for the notation) and, for each n, F n being the cokernel of the morphism 
h n+1 : F — > F, it is also constructible on (S, A). It follows that there exists a 
locally finite open covering {U(a)} a ^A of S such that, for each a £ A and x £ \cr\, 
T(U(a);F) ~ F x and T(U(a);F n ) ~ {F n ) x , for every n £ N. 

As a finitely generated C n -modulc, F 2 is ft-complete and hence 

T(U(a); F) ~ ~ Hm(F :c )„ ~ ^m(F n ) a ~ lhn r([/(er);F n ) ~ r(C/(a); lim F n ), 

n>0 n>0 n>0 n>0 

and the result follows. q.e.d. 

Corollary 4.14. If M £ Mod coh (T>Y° P ) is holonomic, then M ®x,n 0\ is H- 
complete. In particular, when f : Y —5- {pt}, |^7| j is an isomorphism for every 
holonomic Dy -module M. 

Proof. Since in this case K, ~ O y , then 

is M-constructible by [21 Th.3.13] and the result follows by Lemma [4.131 q.e.d. 

We then infer that (|27|) is an isomorphism if Y is a complex line, M. £ Mod co h(2?y° P ) 
has a discrete support and / is the constant map / :Y — > {pi}. Indeed, as proved in 
[2], the support of A4 coincides with the support of M-o, so, if supp (M) is discrete, 
M. is holonomic and the statement follows by Corollary 14. 141 

Remark 4.15. As a matter of fact we didn't find a counter-example for the con- 
jecture that if M. is X>y-coherent, then A4 ® v k JC is always ft-complete. Of course, 
such a counter-example, to exist, should firstly occur in the smooth case. This 
difficulty prevented us from applying succefully our results to extend the functor of 
proper direct image except for a closed embedding as above. 

Corollary 4.16. When f is a local immersion, the morphism \27\ ) is an isomor- 
phism for every M £ Mod co h{DY° P )- 

Proof. By Theorem 11.101 JC is flat over T> Y . Moreover, as can be checked by the 
reader, (i~ 1 T>x) h is an algebra of formal deformation. 

Since 1C is coherent over (i~ 1 T>x) h , M ®-p£ tC is coherent over (i~ 1 T>x) h hence 
it is ^.-complete. Since ^.-completeness is a local property the result follows. 

q.e.d. 

4.3.3. An alternative extension. The idea now is to use the transfer module /C to 
mimic the P-module construction of direct images. The (V Y , / _1 (I?^.))-bimodule 
structure on /C allows us to define functors 

R&Rg : D b (V Y ° P ) -> D\V X ° P ) 
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respectively of direct image and of proper direct image, by: 

Rf^(M) := Rf,(M ® n K), 

Rf'{M) := Rf\{M ®„» K). 

We remark that Corollary 14.161 implies that these definitions coincide with jr^ 
for a closed embedding i. 

Lemma 4.17. Let M £ D b coh (V Y ° p ). Then Rf^(M) is chc. 

Proof. Recall that K, is chc by Prop. 14.51 Consider the canonical isomorphisms in 
D*(C»): 

M ® v n K ~ RHom v n(D' h M,V^) ® T) n K, ~ RHom v n{D' h M,K). 

Hence, M K is also chc. Finally, we conclude that Rf^(M) is chc by Propo- 
sition [TTT3J q.e.d. 

We are now able to extend to D^-modules the classical coherence criterion of 
direct images of 2?-modules: 

Theorem 4.18. Suppose that M G D b ood (V Y ° p ) (resp. M G D b lol (V Y ° p )) and 
that f is proper on supp(M). Then, 

R£(M) e D b good (v x op ) 

(resp. R£(M) G D b hol {V\° P ).) 

Proof. Since by assumption gr h (Rf^{M)) is an object of D b ood (V x ° p ) (resp. D b hol (V. 
the conclusion follows by applying TheoremlOlto the object Rf h (M) G D b (D x ° p ). 

q.e.d. 

4.4. Review on specialization, vanishing cycles and nearby-cycles. 

4.4.1. Review on Sato's specialization, vanishing and nearby-cycles. We refer to 
Chapters IV and VIII of [B] for a detailed study of the constructions below. 

Let X be a complex analytic manifold and Y a submanifold of codimension 
d. Recall that K denotes a unital commutative Noetherian ring with finite global 
dimension. Denote by Xy the normal deformation of Y in X. This is a real analytic 
manifold endowed with two canonical maps p : Xy — > X and t : Xy — > K such that 
TyX is identified to the real analytic hypersurface of Xy given by the equation 
t = 0. 

Denote by s : TyX «-> Xy the canonical embedding. Set Q — t^ 1 (R + ) «-> Xy 
and denote by p the restriction of p to fi. 

Recall that the Sato's specialization functor on D b (Kx) is given by F i— > z^y (F):= 
s- 1 ]Rj*p- 1 F. Recall that z/f induces a functor: £>£_ C (K X ) -> £>^._ c (K Ty x)- 



Let us now assume that V is a complex closed smooth hypersurface of X given 
as the zero locus of a holomorphic function / : X C. 
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Let C* be the universal covering of C* = C\{0}jmd let p : C* -> C* be the 
projection. Denote by X* the fibered product X C* and let p be the projection 
associated to id xcp- 

X* ^C* 



Y ^X »-C. 

i f 

Recall that the nearby-cycle functor ipy '■ D b (Kx) -4 D b (K Y ) is defined by: 

^(F) :^ l - 1 Rp^ 1 {F), 

and that the vanishing-cycle functor (f> Y : D b (Kx) — > D b (K Y ) assigns to an ob- 
ject F G D b (Kx) the mapping cone of i~ l F — > i/jy(F). The natural morphism 
ip Y (F) ~^ fiyiF) 1S caue d the canonical morphism and denoted by can. Both 
V>y(F) and (j)f(F) induce functors D^_ C (K X ) -> D b c _ c (K Y ) . 

Lemma 4.19. (a) If g : X — > Z is a morphism of complex manifolds and F £ 
D b (C x ), then m D b {C z ), Rg^F ~ Rg^F and Rgf F ~ RgpF. 

(b) For every F E D b (C^) ; we Ziaue v Y (F) ~ ^y(F) and, if Y is a smooth 
hyper surf ace of X , we also have tp Y (F) — ^PyiF)- 

Proof. Let I* be a flabby resolution of F in Z? b (C^). Then each P is also flabby in 
Mod(Cx)- Hence, both Rg^ F and Rg^F are quasi- isomorphic to g*(I')- Similarly, 
using a c-soft resolution of F instead, we get Rgf F ~ Rgf'F, which proves (a), 
(b) follows as a consequence of (a). q.e.d. 

Henceforth we keep the notations v Yl ipy, 4>y for the specialization or the nearby- 
cycle/vanishing-cycle functors on sheaves of C R -modulcs. 

Remark 4.20. Given F £ D b (C x ), since gr% commutes with inverse and direct 
(proper direct) image, we conclude that gr%{yy(F)) ~ vy {gr%{F)), grn{4>y (F)) ~ 
^v(grh{F)) and gr h (ip Y (F)) ~ ^ Y (gr h (F)). 

4.4.2. Review on specialization, vanishing and nearby-cycle functors for D-modules. 
We start by recalling the (exact) functor of specialization of T>x -modules (along a 
submanifold) as developed in the work of M. Kashiwara ([4 j). For the basic material 
besides [4], we refer to [9], pj] and [13]. 

Let Y C X be a submanifold of X and denote by I the defining ideal of Y and by 
7r : TyX — > Y the projection of the normal bundle to Y. One denotes by Vy'(T>x) 
(or by V for short once Y is fixed) Kashiwara-Malgrange ^-filtration of T>x with 
respect to Y: 

V k {V x ) = {PeV x : P(P) c P +k ,Vj, keZj,j + k>0} 

The graduate ring gry{T>x) is isomorphic to tt*T>[t y x] > where T>vr Y x] denotes the 
sheaf of homogeneous differential operators over TyX. 

A coherent 2?x-modulc M. always admits locally a good F-filtration. 

Denote by 9 the Euler field on T Y X. 
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Recall that a coherent Xbc-moclule Ai is specializable along Y if for every local 
good-V^ filtration V'(Ai) on A4 there is locally a non zero polynomial b € C[s] such 
that 

6(0-fe)y fc (M) C ^ fe+1 (X), V/ceZ; 

6 is called a Bernstein-Sato polynomial or a 6-function associated to the filtration 
V. 

In the sequel, when there is no risk of confusion, we often write specializable 
instead of specializable along Y , once the submanifold Y is fixed. 

Denote by G a section of the canonical morphism C — > C/Z and fix on C the 
lexicographical order. Let M be a specializable £>x-module and denote by Vg{M) 
a good ^-filtration of Ai admitting locally 6-function whose zeros are contained in 
G. Such condition defines a global filtration (Kashiwara's canonical V-filtration) 
on Ai which is uniquely defined. 

The specialized of Ai along Y is the coherent PryX-rnoclule: 

uy(M) = V TyX ®v [TyX] n^grvaiM), 
and this definition doesn't depend on the choice of G. 

Remark 4.21. Let us fix G as above. Given an exact sequence of specializable 
2?x-niodules: 

-> Mi -4 Ai -4 M 2 -> 0, 

if £>i(s) is a local Bernstein-Sato polynomial for the canonical F-filtration on A4\, 
i = 1,2 then &i(s)-&2(s) is a Bernstein- Sato polynomial for the canonical ^-filtration 
on Ai (see for example [TT| Prop. 4. 2]). 

Denote by Mod sp (X'x) the full Serre subcategory of Mod co / l (2?x) of specializable 
2?x-modulcs along Y. The assignment U >-> Mod sp (T>x\u) defines a full Serre 
substack of ^od co h{'Dx)- 

The correspondence M. n> vy{-M) determines an exact functor from Mod sp (£>x) 
to Mod co h(T>T Y x)- 

Let us suppose now that Y is a complex closed smooth hypersurface of X given 
by the zero locus of a holomorphic function / : X — > C. Recall that in this case, 
we can also associate to a specializable 2?x-module A4 the nearby-cycle module 

and the vanishing-cycle module 



<j> Y (M) c± gryHM) = 



VS(M) ■ 

Thus ipY,<l>Y ■ Mod sp (2?x) — > Mod co ^(X'y) are exact functors. 
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4.5. Specialization, vanishing cycles and nearby-cycles for ©^--modules. 

Let Y be a submanifold of a complex manifold X. According to the preceding 
subsection, we fix a section G of the canonical morphism C — > C/Z to which all 
canonical V'-filtrations mentioned below will refer. 

Given A4 g Mod co ; l (X'^- n ) we say that A4 is specializable along Y and denote 
it by M G Mod sp {V x J if it is so when endowed with the structure of 2?x-niodule 
explained in Remark 14.11 We obtain a full Serre substack S of ^od co h{T> x ) 
by assigning to each open subset U C X the full Serre subcategory S(U) = 
U n >oMod ap (2?£ ( Jt/). 

Definition 4.22. We say that a coherent P^-module A4 is specializable along Y 
if Me Mod s (V x ). 

Equivalently, gr%{M) is specializable in the T> x -modules sense, that is, both qM 
and Mo are specializable Z?x-modules along Y, 

Example 4.23. Every coherent 2?^--module M such that supp(M) C Y is spe- 
cializable along Y. Indeed we have 

supp(grr l (M)) — supp( M) U supp(Mo) C supp(M) C Y. 

Hence qA4 and A4o are specializable along Y. 

In the sequel, for short, we shall often say that A4 is specializable omitting the 
reference to the submanifold Y. 

We denote by Mod sp (V x ) the category Mod s (V x ). 

As a functor $ : Op(X) —> Op(TyX) satisfying assumption 13.41 we consider 
the data U i-4 5>(f7) = 7r _1 (J7 n Y) where 7r : T Y X — > Y denotes the projection. 
According to Theorem 13.241 we are in the conditions to extend (uniquely up to an 
isomorphism) the exact functor 

v Y : Mod sp (£>x) -> Mod coh (V TY x) 

as an exact functor 

u Y : Mod sp {V h x ) Mod coh (£>£ rX ) 

X i ^ 4(A4) := ^muy(M n ). 

n>0 

Definition 4.24. Given M G Mod sp (V x ), we shall say that v Y (M) is the special- 
ized of M (along Y). 

Propositions 12.31 and 13.51 entail the following result: 

Corollary 4.25. Let M. be an h-torsion T> x -module. Then M. is specializable as 
a D x -module if and only if M is specializable in the T>x -modules sense. Moreover, 
if M is specializable then v Y (M) — vy(M) in Mod co h(T>T Y x) ■ 

By Proposition 12 .41 we have the following characterization: 

Corollary 4.26. Let M. be a coherent T> x -module. Then the following properties 
are equivalent: 
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(1) M is a specializable T> x -module; 

(2) Mo is a specializable T>x -module; 

(3) M n is specializable as a T>x-module, for each n > 0. 

Remark 4.27. Let M be a specializable 2?^-module. Regarding grn(M) as an 
object of D b (T>x), we have a specializable complex in the sense of [5]. Since 

gr h v Y (M) ~ ^mgr h v Y (M n ) 

n>0 

and, for each n, by construction, grf l v Y {M n ) is isomorphic to v Y grri{M n ), we get 
a morphism 

gr h v Y {M) v Y gr h {M). 
Theorem 13.241 asserts that this morphism is an isomorphism in D h {T>T Y x)- 

Remark 4.28. Since the ring V x is not filtered neither by the order nor by In- 
filtrations, the notion of Bernstein polynomial for a specializable 2?^--module does 
not make sense in general. However, we have the following result: 

Proposition 4.29. Let M be a specializable h-torsion freeT> x -module. Assume 
that b(s) is a Bernstein polynomial for the canonical V -filtration on Mo as a spe- 
cializable T>x-module. Then, b n (s) := (b(s)) n+1 is a Bernstein polynomial of M n 
for the canonical V -filtration. 

Proof. The sequence 

O^Mo^Mi ^ Mo -> 0, 
together with Remark 14.211 entails that, if b(s) is a Bernstein polynomial for the 
canonical V^-filtration on Aio, then (b(s)) 2 is a Bernstein polynomial for the canon- 
ical ^-filtration on Mi, and we proceed by induction applying the same argument 
to the sequence 

-> Mn-X A M n ^> Mo -> 0. 

q.e.d. 

In the examples below we assume X — C m , for some m € N, with coordinates 
{t,Xi, ...,x m _i), and Y = {(t,Xi, ...,x m -i) G C m : t = 0}. 

Example 4.30. Let M be a £>^--module with one generator, let us say M ~ 
D x /J, for a coherent ideal J. Then we have a chain of isomorphisms of T>x~ 
modules, 

M g| ®i=0 nVxti 

where J n is the submodule of ®i = o,...,riDxh l given by 



Suppose that M = V x /T> x b(td t ), where b(s) is a polynomial in C ri [s], b(s) = 
Y^iLo cn{h)s l , for some m e N and, for i > 0, a^ft) := 5Ij>o a *i^ J e Set 



32 



ANA RITA MARTINS, TERESA MONTEIRO FERNANDES, DAVID RAIMUNDO 



Since Mo ~ T>x /T>xbo(tdt), M is specializable if and only if bo(s) is a non zero 
polynomial in C[s]. We shall calculate particular cases in the following examples: 

Example 4.31. Let M = V h x /V h x (htd t + 1). Clearly M = hence M n = for 
every n, which entails v Y (M) = 0. 

Example 4.32. Assume that J = V x (td t - h). Then 

n 

J n ~ {P td t + ]T(P^ t - Pi-i)ti : P l G Pv}. 

i=l 



Therefore .M n can be identified with the cokernel of the 2?x-hnear morphism 

if»+ 
x 



from £>™ +1 to itself given by the right multiplication by the matrix 



tdt 


-1 


. 


. 








td t 


-1 . 


. 











. 


. tdt 


-1 








. 


. 


tdt 



Denoting by Ui iTl , u n+ i iTl , respectively, the classes of the elements of the canonical 
basis of V x +1 in M n , we obtain a system of generators for M n satisfying 

{td t )u\ t n = 0, (tdt)u k ,„ = Ufc-l.n, 

for k = 2, n + 1. Classically one derives an isomorphism 

v x /v x (td t ) n+1 M n 

defined by 

1 mod V x (td t ) n+1 ' y u n+hn . 
Therefore, denoting by (x, r) the associated coordinates in T Y X, we obtain v Y {M n ) ~ 
V TY x/V TYX (Td T ) n+1 . 

Since td t acts by multiplication by h in A^„, the action of h in v Y {Mn) coincides 
with the multiplication by rd T hence, as a 2?fy X -module, 



^v(A4«) 



U T V X 



n Y x{rdr 



and it follows that 



®T Y X 



Assume now that Y is a complex closed smooth hypersurface of X given by the 
zero locus of a holomorphic function / : X — >• C. We can extend the exact functors 
ipY,(f>Y ■ Mod S p(X>x) — > Modcoh(fv), respectively, as functors 



<t> Y : 



Mod sp (P|) 
M 

Mod sp (23|) 
M 



Mod coh (^) 

:= l^y(A4„), 

n>0 

Mod coh (D y ) 
^(A4) := l^im0y(A4 rl ). 

n>0 
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One can rewrite Propositions l3.5l and l3.10l and Corollaries l3 . 181 and !3 . 20l replacing 
the functor F respectively by ipy and <py. 

Example 4.33. Keeping the notations of examples above, we infer from the re- 
sults of [13] that, for each n > 0, ipy(M. n ) is quasi-isomorphic to the complex 
vy{M n ) ^4 vy{M n ), that is, 



Thus 



i>y(M) 



TyX 



v* YX {T-i) + v* YX {rd T -hy 

in other words ipyi-M.) is quasi-isomorphic to the complex v Y (M) T S v Y {M.). 

4.5.1. The (regular) holonomic case. Consider the Serre subcategory S of holo- 
nomic (respectively regular holonomic) ©^-modules. 

Similarly to [2] for the case n — 0, we see by Proposition 12 .41 that if M. is a holo- 
nomic (respectively, regular holonomic) Z^-module, then each M. n is a holonomic 
(regular holonomic) for the X^-module structure of V x given in Remark |4. II 

Recall that every holonomic T>x -module is specializable along any submanifold 
Y, and the specialized module is also a holonomic module. Similarly, we have: 

Corollary 4.34. Any holonomic T> x -module A4 is specializable along any submani- 
fold Y. Moreover i/y(A4) is a holonomic T)!^, x -module. If M. is regular holonomic, 
so is v Y (M). 

When Y is a smooth hyper surf ace, if M is holonomic (resp. regular holonomic), 
ipy(M) and (f> Y (Ai) are holonomic (resp. regular holonomic) as T> Y -modules. 



4.5.2. Comparison Theorems. Let us recall that Kashiwara constructed in [3J Th.l 



for a regular holonomic Dx-module M. (or, more generally, for an object of D b h (T>x)), 



canonical isomorphisms in D b (Ct y x) 

(Soh TYX (is Y (M)) yy(Soh x (M)), 
\dR VtyX {v y {M)) <^ vy{DR Vx {M)), 

and, when Y is a smooth hypersurface of X, canonical isomorphisms in D b (C} 

[SolvAMM)) ^ ip Y {Sol Vx {M)), 
\SoI Vy ^y{M)) ^ (f>Y(Sol Vx (M)) 

and 

(dR Vy (^y(M)) ^y(DR Vx (M)), 
\DRvA<t>Y(M)) (f>Y(DR Vx (M)). 
More precisely, setting: 

y x =vyoDR; Uodr h {V x ) -> D>>(C TyX ), 
^ 2 =DRovy: Mo& rh {Vx) -V D\<C Ty x) 
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Kashiwara's construction gives a natural transformation (pi — r ip2- In particular, 
if the modules are provided with a C h action, for any / £ C s we get a commutative 
diagram in D b (CT Y x) : 

v Y (DR{M)) — f -^ v Y {DR{M)) 



*jc(A4) 



DR(v Y {M)) — U. DR{v Y {M)) 
As a consequence, VP/f is <C fi -linear. 

We shall now generalize these isomorphisms to the ^.-setting. 
Denote by fl x the sheaf of holomorphic forms of degree j on X. Consider the 
De Rham complex of X: 

o ->• n% 4 ci x — > n™- 1 Au^o. 

Here d denotes the usual exterior derivatives. 

For a £>|-module M we have DR(M) ~ ®o x M h in £> b (C|). Indeed, each 
^v ®Ojf Af has a natural structure of C^-module and the derivatives turn out to 
be C^--linear. 

By definition lim(f2^- <E>o x •Mfc) is given by the complex: 

fc>0 

(28) -> \im(fl x ® 0x M k ) -)• > lmi(0^ ® 0x M k ) -)■ 0. 

fe>0 fe>0 

Lemma 4.35. Let A4 be a coherent T> x -module. Then lim^ >o (£7y ®e> x Alfc) is 
isomorphic to ft x ®o x M in C b (C x ). 

Proof. Recall that M. is ft-complete. For each j, the natural morphism 
tt x ®o x M -> jim(n J x <g> 0x M k ) 

k>0 

is an isomorphism because Sl x is locally finitely free over Ox and the projective 
limit is additive. Clearly these isomorphisms are compatible with the derivatives 
hence (f2"5|) is isomorphic to VL° X ®o x q.c.d. 

Theorem 4.36. For KA a regular holonomic T> x -module, there are canonical iso- 
morphisms in D £,-JS-"Tvx) : 

(i) DR n {v Y {M)) VY {DR h (M)); 

(ii) Sol h {v Y {M))^MSoh{M)). 

Proof. For each k > 0, we have a natural morphism in D (Cf^ x ): 

v Y {DR h {M)) -> MDRh(M k )). 

Since A4 k is an ?i-torsion regular holonomic 2?^--module, we have v Y (DRji(A4 k )) ~ 
vr(DR(M k )) - DR{v Y (M k )) ~ DR h {v Y {M k )) in D b (C^ x ). In this way we get 
a canonical morphism in D (Cj, x ); 

(29) v Y {DR h {M)) Di2 ft (i4(A4fc)) 
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which entail morphisms: 

u Y {DR h {M)) -> n' x ® 0x Vv(M k ). 
So we obtain a morphism in C (Cj^j^): 

^(M s (Ai)) hm(fi^ ®o x 4(-Mfe))- 

fc>0 

Finally (i) follows from Lemma 14.351 as the composition of the sequence of mor- 
phisms below: 

v Y {DR h {M)) Vf x ® 0x i4(M) — * D.Rji(i/£(.M)). 

Let us now prove that (i) is an isomorphism. Note that i/y(DRti(M)) and 
DRfi(vy(M)) are both objects of fc-c(^Tyx) hence they are chc. Therefore, it is 
enough to prove that we obtain an isomorphism when we apply grn to (i). We have 
on one hand: gr h {v Y {DR h {M))) ~ v Y {DR{gr h {M))). Since gr n (M) e D b rh {V x ) 
we have 

v Y {DR{gr h M)) ~ DRv Y {gr n M). 

On the other hand: gr h DR h {v Y {M)) ~ DRgr h {v Y (M)) ~ DRv Y {gr h M), by 
Remark [4T271 

To end the proof we remark that (m) follows by the following chain of isomor- 
phisms: 

So/ fi (4(A4)) ~ D' h (DR h {v Y {M))) 
^ D' h is Y (DR h (M)) 

~ i^(Sol fc (A4)), 

where the first and fourth isomorphisms follow from (p?Tj) , the second follows by ap- 
plying the contravariant functor D' to (i) and the third follows by Proposition 8.4.13 
of [6]. q.e.d. 

Similarly one proves: 

Corollary 4.37. Let Y be a smooth hypersurface of X and A4 a regular holonomic 
T>x -module Ai. There are canonical isomorphisms in D^_ C (C Y ): 



(i) 



Sol hY & Y (M)) ^ MSdnAM)), 



SolvMiM)) ^ <j> Y {Sol h {M)); 
(DR Vh U4(M))^^ Y (DR h (M)), 
\DR h {<t> Y {M)) ^ MDRh{M)). 

4.6. Review on Fourier transforms and microlocalization. 

4.6.1. Review of Fourier- Sato transform and microlocalization of sheaves. Denote 
by K + the multiplicative group of positive numbers, and suppose a real or complex 
manifold E endowed with an action of M. + is given. One denotes by Modjj+ (Kg) 
the full subcategory of Mod(K,g) consisting of sheaves F such that for any orbit 
b of M+ in E, F\b is a locally constant sheaf. One also denotes by ZXt + (K^) 
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the full subcategory of D + (Ke) consisting of objects F such that for all j G Z, 
iP(P) G ModR+(Ke). An object of D^ + (Ke) is called a conic object. 

Let now E Y denote a holomorphic vector bundle on a complex analytic 
manifold Y and let E' ^> Y denote its dual bundle. We will be particularly 
concerned with the cases where Y is a submanifold of a manifold X, E = TyX is 
the tangent bundle to Y on X and E' = T Y X is the cotangent bundle to Y on X. 

Let F be a sheaf of C-vector spaces over E. One says that F is monodromic 
if it is locally constant along the orbits C*rj for each 77 6 E\Y. The category of 
monodromic sheaves is a full abelian subcategory of Mod(C£). An object F G 
D b (CE) is monodromic if the sheaves PP(P) are monodromic for every i G Z. 
We denote by D^ on (C E ) the full subcate gory of D b (€-E) formed by monodromic 
objects. 

Denote by pi and P2 the canonical projections from E x y E' to E and E' , respec- 
tively, and set P — {(x,y) G E x Y E' : (x,y) > 0}. The Fourier-Sato transform is 
the functor P K : D+ + (K E ) -> D+ + (K E >) defined by P K (P) :=Rp 2 *oWrpop~ 1 (F). 

Lemma 4.38. Let F G P>+ + (C|). Then, P cR (P) ~ P C (P) in P>+ + (C B 0- 

Proof. Let i : P -> £ x y £" be the embedding of P. Then M> ~ Rhv . Since r 
and p^f 1 are exact functors, the result follows by Lemma T4. 191 q.e.d. 

In particular, if F G D b non {C E ) then P C (P) G D b moD {C E ')- 

In the case E = P y A, £?' = P^A and P K : D+ + (K TyX ) D+ + (K T *x), the 
composition /Jy := P K o v Y ■ D b (K x ) — > D^ + (K T 'x) is called the geometrical 
microlocalization (see [6]). 

By Lemmas 14. 191 and 14.381 one nas: 

Lemma 4.39. For F G D b (C x ) the objects fi Y (P) and H Y {F) are isomorphic in 
D b (C T * x ). 

4.6.2. Review on Fourier transform and microlocalization for V-modules. Denote 
by *D[e] C tt*T>e the sheaf of differential operators polynomial in the fibers. Let 
9 denote the Euler field on E. A tt^(T>e) or a DrCT-left coherent module Af is 
monodromic if Af is generated by local sections satisfying b(8)u — for some 
non- vanishing b(9) G C[9}. We denote this category by Mod mon (Z>[E]), a Serre 
subcategory of Mod co h (£>[£])■ 

Consider the sheaf fl E /Y of relative differential forms to 7r : E — >• F. 

One defines an exact functor P (Fourier Transform, cf. [1]) from Mod mon (2?[£]) 
to Mod mon (2?[B']) setting for Af G Mod mon (£>[#]): 

P(A0 := Vl e/y ® w -x 0y Af. 

Recall that for each Af G Mod mon (£*[£;]) one constructs canonical isomorphisms 
mD b {C E >): 

(30) J^iSoliAf)) ~ S'oZ(P(A/'))[-codimy]; 

(31) P c (P>P(A0) =s PP(P(A/"))[-codimy]. 
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Consider E = TyX, E' = T Y X and denote by r the projection E' ->• Y. Let 
Ai G Mod sp (2?x)- Recall that the composition of T with vy gives an exact functor 
fiY from Mod S p(X>x) to Mod rao n (P\T* x])i the microlocalization along Y (cf [13] for 
details). 

4.7. Fourier transform and microlocalization for monodromic P^-modules. 

Let S be the full Serre substack of od co h(V r ^ E ^): 

U i— > 5(C7) = U„>oMod TOon CDf B]in |a) 

where we consider the structure of T>[E] -locally free module on n . We shall 
denote by Mod mon (Ph* ) the category Mods (Pm] ) • 
Similarly we denote by S' the full Serre substack 

V ' y S'(V) = U n > Q Mod mon (Vf E , ln \ v ). 

Consider the functor $ : Op(E) — > Op(E') given by U i-> r _1 7r(f/). Since 
J-"(C/) : 5(t/) — >■ iS($(J7)) is clearly an exact functor, we are in conditions to apply 
Theorem 13.241 and extend it as an exact functor 

F h : Mod mon (V\ E] ) -> Mod mon (Pf B ,]) 

setting 

T h (M) := |mJ(J^) = |imfi £/y ®,-i 0y 7V„. 

n>0 n>0 

Definition 4.40. We define F h as the Fourier transform for -monodromic 
modules. 

In view of Definition 13.211 and Theorem 13 . 241 we have functorial isomorphisms: 

F % (M) ~ n E]Y ®^-X y M 

forA^eMod mo „(Pf B] ). 

One can restate Propositions l3.51 13. 101 Theorem l3.16l and Corollaries l3.18l and l3.20l 
replacing the functor F h by T n . 

Lemma 4.41. (a) Let M be a monodromic T)^ E y module. Then F h (M) is a mon- 
odromic T>^ E ,ymodule. 

(b) Let A4 be a specializable T>\-module. Then v Y (M) is a monodromic P^ x - 
module. 

Proof. The first property results from the formulas T h (M)o — J 7 (Mo) and oF h (M) ~ 
T(oM). 

The second one is a consequence of the same property for X>x-modules and of 
the formulas 

4(M) MM ), 4(M) ~ MoM). 

q.e.d. 
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Definition 4.42. The functor of microlocalization for P^-modules along a sub- 
manifold Y is given by: 

fi Y ;Mod sp (V x ) -> Mod mon {V[ T , x] ) 

M i-> l i Y (M):=J rh (u Y (M)). 

Since all the functors involved are exact and take values in subcategories of 
coherent modules, we conclude functorial isomorphisms: 

n>0 

for M e Mod sp (D|). 
Smilarly we conclude: 

Theorem 4.43. We have natural isomorphisms in D b (C^, x ): 

(f(SoIh(N)) ~ Sol h (T h (M))[-codimY] 
\T{DR h (Af)) ~ DR h {F h {N))[-codimY] 

for N S M od mon {V^ yX ) . 

Corollary 4.44. We have natural isomorphisms in D b (C^ x ): 

j Sol h (f4(M)) ~ fi Y (Sol h (M))[codimY] 
{DR h (fj, Y (M)) ~ ^ Y (DRn(M))[codimY] 

for Me Mod rh (V h x ). 
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